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We study an effective four-dimensional theory with an action with two scalar fields minimally 
coupled to gravity, and with a matter action which couples to the two scalar fields via an overall 
field-dependent coefficient in the action. Such a theory could arise from a dimensional reduction of 
supergravity coupled to a gas of branes winding the compactified dimensions. We show the existence 
of solutions corresponding to power-law inflation. The graceful exit from inflation can be obtained 
by postulating the decay of the branes, as would occur if the branes are unstable in the vacuum and 
stabilized at high densities by plasma effects. This construction provides an avenue for connecting 
string gas cosmology and the late-time universe. 



PACS numbers: 98.80.Cq. 

I. INTRODUCTION 

String gas cosmology, originally discussed in 
[1, 2] (see also [3]) and later reconstructed in the 
context of branes as fundamental degrees of free- 
dom in string theory [4, 5] , provides a mechanism 
for constructing a nonsingular cosmology and a 
mechanism which confines all but three spatial di- 
mensions to be microscopic in size. String wind- 
ing modes play a key role in this scenario: they 
are unable to annihilate in more than three spa- 
tial dimensions [1] because the probability that two 
string world sheets intersect is of measure zero (see 
[6] for some recent caveats regarding this scenario). 
A key assumption in string gas cosmology is that 
all spatial dimensions start out at string scale, and 
that the universe is hot (and brane degrees of free- 
dom excited). However, in order to connect this 
scenario to our current universe, a mechanism is 
required which expands the volume of our observed 
three spatial dimensions to be large enough to con- 
tain the currently observed Hubble volume. This 
is one aspect of the "flatness problem" of Stan- 
dard Big Bang cosmology (see e.g. [7] for a discus- 
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sion), and a period of cosmological inflation after 
the winding modes in our three spatial dimensions 
have disappeared is the only currently known so- 
lution. 

Thus, an outstanding challenge for string gas 
cosmology has been to provide a stringy realiza- 
tion of inflation [34] . One suggestion was recently 
made in [9] and made use of a gas of co-dimension 
one branes which provide a period of power-law in- 
flation, with an equation of state w = —2/3 (where 
uj = p/p, and p and p are the pressure and energy 
density, respectively), which is however incompat- 
ible with inflation being the source of the cosmic 
microwave anisotropies (see e.g. [10]). The grace- 
ful exit from inflation was achieved by considering 
the branes to be unstable in the vacuum, and sta- 
bilized by plasma effects in a hot gas, in analogy to 
how embedded defects in field theory can be sta- 
bilized in the plasma of the early universe [11, 12]. 

In this paper we consider a more natural real- 
ization of inflation in the context of string gas cos- 
mology. We study the period of cosmology after 
our three dimensions have shredded their winding 
modes (as discussed in detail in [5]), but the other 
dimensions are still confined by strings and branes 
which wind around them. We consider the four- 
dimensional effective action, and focus in particu- 
lar on two scalar fields in this action, one corre- 
sponding to a modulus of the higher-dimensional 
theory, the other corresponding to the radion. We 
assume an exponential potential for the modulus 
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field and consider brane string matter (treated as 
a hydrodynamical fluid) whose overall action has a 
prefactor which depends exponentially on the two 
scalar fields. We then demonstrate that it is possi- 
ble to obtain solutions of power-law inflation with 
an effective equation of state more negative than 
uo = —2/3. The coupling of matter to the scalar 
fields required for acceleration arises automatically 
if we consider branes winding around the compact 
space as our matter. To obtain a graceful exit from 
inflation, we again require the branes to be unsta- 
ble, as in [9]. Compared to [9], our mechanism 
may provide an inflationary phase with a smaller 
value of u>, and it does not require branes which 
are extended in our large spatial dimensions. Our 
mechanism relies of the analysis of [13] which we 
now review. 



II. COUPLED INFLATION 

In [13] a mechanism to realize an accelerated 
phase of expansion was proposed which relies on 
a rolling scalar field being coupled (roughly with 
gravitational strength) to some form of matter or 
radiation. Although the main motivation in [13] 
came from trying to explain the late time acceler- 
ation phase that we seem to be entering into today, 
in this paper we show how one can obtain inflation 
with a gas of unstable branes via a similar mech- 
anism. Since branes in general couple to both the 
dilaton and the radion (the volume of the extra di- 
mensions), unless one invokes an additional mech- 
anism to stabilize one of the scalars, one has to 
study the dynamics involving both the radion and 
the dilaton. Hence we first review and generalize 
the analysis done in [13]. 

Evolution Equations: We start with an effec- 
tive four dimensional action with two scalar fields 
minimally coupled to gravity 
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where M p is the reduced Planck mass which 
we will set to 1 from now on. Such exponen- 
tial potentials are common in dimcnsionally re- 
duced supergravity/M-theories in dilaton-radion 



systems [14], or in the context of large extra di- 
mensions [15] and we will give some explicit exam- 
ples later. In the above, a, (3 are constants which 
depend on the origin of the potential as well as on 
the dimensionality of the original model. Consider 
now that a form of matter or radiation also couples 
to the scalar fields: 



2(p,4>+v<t>) 
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where, as usual, p is the observed energy density 
and we define a "bare density", p = p e ~ 2 ^ +l " t '\ 
which obeys the familiar evolution equations in- 
volving an equation of state parameter u 



p + 3H(p + p) = 



with 
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In the next section we will identify p with the en- 
ergy density of a gas of branes wrapping extra di- 
mensions and will derive the coupling exponents p 
and v explicitly. 

Due to this coupling, the brane action not only 
acts as a source term for gravity but also provides 
an effective potential term for the scalar fields. The 
field equations for the scalars now read: 
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The above multi-field exponential potential has 
been studied in the context of assisted inflation, 
see [16]. Similar multi-field potentials were also 
used to construct inflationary models in [17, 18]. 
From here onwards it is useful to work in terms of 
rotated fields [19], 
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where we choose 



and 



cos 6 



vV + v 2 



(9) 



such that 



p'=pe 2 ^' with p! = ^p 2 + i/2 (10) 

depends only on a single field. The exponents a, (3 
transform in the same way as the fields: 
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Thus, the "rotated" field equations read as 

4>' + 3H<t>' = 2p'V e- 2{a '" p ' +f:S '' l '"> (12) 

and 

i>'+3HiP' = 2c/V e- 2 ( a '^ + ^-2^> 2 ^' (13) 

One can also write down the Fricdmann equation 
for a Robertson Walker metric: 
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Inflation from a Single Field: Before we 
solve (12-14) in its full generality, it is insightful to 
look at a special case when the dynamics reduces 
to that of a single field which has been studied in 
detail in [13]. This happens when 
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In this case, <p' remains frozen (even if one starts 
with a non-zero <f>' it is quickly Hubble damped) 
and tp' evolves under the influence of the effective 
potential (7) with exponents a' — \J a 2 + f} 2 and 
p! . As discussed in [13], provided the exponents 
are of 0(1) and have the same sign, tp' tracks the 
minimum formed between the two opposing expo- 
nentials. Since p redshifts, the minimum redshifts 
and one can solve for the evolution of tp' an d a(t) 
to get 



gV _ (a'Vo 
pip 



l/V+a') 



a 'y \ 1/(AI ' +Q,) ( a\ 



(16) 

3(l+w)/(A»'+a') 



ao) 



, x (2/3a')[( M '+«')/(l+^)] 

( - ) ■ (17) 



Thus, the universe accelerates if 



(18) 



For non-relativistic dust type matter, like wrapped 
branes, we have w = 0, so that (18) becomes 
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In the next section, when we discuss the dynamics 
involving a gas of branes, we will see that, although 
the system does not reduce to a single field dynam- 
ics, one can get power law inflation in a manner 
similar to the case discussed above. 

As a next step then, let us calculate the density 
fluctuations and spectral tilt in this model. From 
(16) and (17) one can compute tp' and H and hence 
the amplitude of density fluctuations 
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~ a 



(21) 



where the right hand side is evaluated at the time 
when the length scale of the fluctuation being 
considered is exiting the Hubble radius (see e.g. 
[20, 21] for reviews). Therefore, the spectral tilt X] 
is given by 



7] : 



1 + 

a da 
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It is clear from (22) that in order to explain the 
observed spectral tilt of the CMB spectrum (see 
e.g. [10]), T] > 0.94, one needs a very large ratio 
p! Iol <~ O(10) which is difficult to achieve from 
string theory. Hence, it seems likely that one needs 
to supplement this inflationary mechanism with an 
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additional mechanism to generate the observed al- 
most scale-invariant spectrum of density perturba- 
tions. We will comment on this later. 

Two Field Dynamics: To solve the evolution 
equations (12-14) for the two field case we choose 
the usual ansatz 
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In order that all the terms in (12-14) have the same 
t dependence, t~ 2 to be specific, we get by looking 
at the exponents 

3771 

a'n + f3'p=l= — - p'n (24) 

Further, one can substitute the potentials associ- 
ated with Vo and p from (12,13) in (14) to obtain 
another relation between the power law exponents: 
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One can thus solve (25) and (24) to obtain m,n 
and p in terms of the exponents a' ',/?' and p! (see 
Appendix for details). In particular one finds 



3p'a' + a' 2 + f3 2 + 2p 
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In order to find out whether one gets inflation, one 
has to check whether to > 1 or not. 

Intuitively, it is clear what needs to happen in 
order to have an accelerated expansion: Along the 
ip' direction, due to the coupling, one has a slowly 
evolving minimum due to the two opposing expo- 
nential potentials as before. The field, though, can 
also roll along the <j>' direction, since /?' ^ 0. How- 
ever, if /?' is sufficiently small (in other words if 
the two exponents corresponding to the potential 
Vb and po are approximately collinear) then the 
field rolls slowly also along the <p' direction and 
thus we can have acceleration. 

Finally, one has to check that the ansatz (23) 
gives meaningful solutions, i.e. solutions exist for 
positive Vb and po. We show in the Appendix that 
this is indeed the case provided to > 1/3, which is 
obviously true for inflationary solutions. 



III. SUPERGRAVITY AND BRANE 
GASES 



Supergravity and Effective Potentials: Let 

us start with a typical bosonic sector of a super- 
gravity theory: 

S = — ^ f d 3 x^d[R-d fh cj ) d fh <j ) (27) 
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where hatted quantities denote the full higher (D) 
dimensional objects, <j> is the dilaton field and the 
field strengths F„ ; 's are rn forms with i = 1 . . . M. 
For generality, we have also included a potential 
for the dilaton which may have both a classical 
[22] or a quantum [23] origin depending on the spe- 
cific supergravity/string theory model. In general, 
the potential runs to cither ±oo, leading to the 
much studied issue of dilaton stabilization. For 
the purposes of this paper, we do not concern our- 
selves with this issue and simply assume that ei- 
ther it is stabilized after inflation or it is coupled 
very weakly (if at all) to standard model parti- 
cles and therefore even though the dilaton slowly 
runs towards infinity, constraints coming from fifth 
force experiments and variation of physical con- 
stants [24] are satisfied. Indeed a "least coupling 
mechanism" has been proposed [25] to explain why 
the dilaton may couple very weakly to the ordinary 
standard model particles. As a simple example of 
a running potential we choose 



V{4>) = V e- 25 * 
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We mention in passing that such exponential po- 
tentials are found in several supergravity theories 
[22]. 

To obtain an effective four-dimensional theory 
one has to perform a consistent dimensional re- 
duction [26]. For a flux compactification the only 
consistent ansatz (without involving squashing) is 
given by [14, 27] 
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where F has to be a D-form, D being the num- 
ber of extra dimensions and we use the symbol 
"o" to indicate extra dimensional quantities. Once 
one solves the Bianchi identity and the field equa- 
tions for F, the F 2 term in the action (27) gives 
us a potential term for the scalars, <p an d ip- Af- 
ter performing the usual dimensional reduction by 
integrating the extra dimensions and applying con- 
formal transformations 
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followed by 
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to go to the Einstein frame in four dimensions, one 
finds that 



becomes 
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The full four dimensional action then reads 

^[R-d m cpd m <p-d m ipd m i> 

- 2(V^e- 2< - a ' t ' + ^^ + V e- 2 ^ + ^)] (38) 

where as before we have set M p = 1 , and redefined 
co in terms of Vq. 

As a specific example, let us consider type II A 
string theory. In the string frame the relevant 
bosonic part of the action reads 

Sn = J d w x^^e- 24 '[R + 4df h <j)d fh (l)-V 
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where we have only included the 4-form whose dual 
is a 6-form field strength and hence can be consis- 
tently turned on as there are 6 extra dimensions. 
The ellipsis involve other form and fermionic fields 
which are set to zero as usual. To be general we 
have also added a potential for the dilaton which 
could result from quantum corrections. Perform- 
ing the well known conformal transformation 
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and a is the same exponent that appears in the 

o 

dilaton coupling to the D-form in (27), its value 
depends on the specific supergravity model. Also, 
c is a constant determining the strength of the flux 
background. 

Let us now compute the four dimensional effec- 
tive potential coming from the dilaton potential 
V(<p). We observe that dimensional reduction fol- 
lowed by conformal transformation (32) gives a ip 
dependence which is in fact the same as one gets 
from a higher dimensional cosmological constant. 
The four dimensional potential reads 



V(<f>,il>) = Vbe-W+T^ 



with 
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followed by 
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one recovers an action of the form (27) in the 10- 
dimcnsional Einstein frame with 2a^ = —1/ y/2 
corresponding to the four form coupling exponent, 
or in terms of the 6-form dual, 2a§ = \j\f2: 
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The dimensionally reduced 4-dimcnsional action 
then looks like (38) with 

2a 6 = -L and 2 7 ' - 3^| (43) 

where 7' and clq can be identified with a and (3 of 
section 2 respectively. 

Instead of looking at a flux background one may 
also study a potential of the form (36) coming from 
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a higher dimensional dilatonic potential where sub- 

o 

stituting D— 6 we get 

27 =yf (44) 

and 5 remains a free parameter. 

Brane Stress Energy: Let us now consider 
a gas of branes wraping all the compact internal 

o 

dimensions and hence these are Z>branes. The 
action for such a gas is given by 

Sbrane- / dP X^tj Po e~ 2v * e~* a = j dP Xyplp 

(45) 

where e a = a/a denotes the usual scale factor of 
our observable universe. The exponential involv- 
ing the dilaton in the last term originates from the 
dilaton coupling present in the brane action in the 
string frame which depends on several factors like 
the nature of the brane/string (whether it is funda- 
mental or solitonic etc. [28]), the dimensionality of 
the supergravity model, etc. The second exponen- 
tial corresponds to the well known fact that the 
brane energy density redshifts as non-relativistic 
dust along the transverse directions, which in this 
case are the three large spatial dimensions. 

In order to obtain the brane energy density in 
the 4-dimensional Einstein frame one has to per- 
form the conformal rescalings (32), so that in terms 
of the rescaled ip one has 




= J d A x^J—gp (48) 

where ip' is now the linear combination of the dila- 
ton and the radion as defined earlier in (8). p cor- 
responds to the observed four dimensional energy 
density of the wrapped branes. 



Let us focus our attention now onto the 10 di- 
mensional superstring theories. The DBI action 
for a p-brane in string frame is given by [29] 

Sdbi =T p J d p+1 <re- 2 *^J (49) 

where 7 is the induced metric on the world volume 
of the brane parameterized by cr's. (49) leads to 
an action for a gas of 6-branes wrapping all the 
compact extra six directions, which looks like 

Sbrane - J d W X yf^p^e^ (50) 

in the string frame. Conformal transformation of 
g (41) and subsequent rescaling of cj> then gives us 
the action in Einstein frame (46) with 

o 

while substituting D= 6 in (47) gives us the expo- 
nent p 




Moreover, one finds in this case 



ip' = cos(7r/3)V> + sin(7r/3)</> and p! = 




Inflation from 10 Dimensional Universe: 

We have finally accumulated all the objects necces- 
sary to understand whether or not one can indeed 
obtain a phase of acceleration in the early universe 
with branes in conjunction with string theory po- 
tentials for modulii fields and the dilaton. Let us 
first look at the case when no flux is turned on 
(Vq = in (38)) but rather we have a dilatonic po- 
tential of the form (36). In this case we have one 
free parameter, namely 8, and whether one has ac- 
celeration or not depends on it. First, realize that 
in order to end inflation we want 

ateff = Va' 2 + (3' 2 > 1 (54) 

This is because, once the branes have decayed, the 
scalars evolve as if under the influence of an expo- 
nential potential with an effective exponent a e // 
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[27]. Therefore, in order for the scalars to track 
radiation [30] after the end of inflation we require 
(54). (54) implies a bound S > y/5/8. Now, plug- 
ging in all the relevant exponents in the expression 
for m in (26) one finds that it is possible to have 
an inflationary paradigm provided 



<S< 



For these values of S one finds 



1 < m < 1.1 



(55) 



(56) 



in other words, when 5 is close to 1, and this seems 
reasonable from the string theory point of view. 

Next, let us look at the potential coming from 
the 4-form flux. Substituting the exponents ag and 
7' in (26) one finds 



m < 1 



(57) 



Thus, with just a 4-form flux and branes one can- 
not get acceleration. This situation however can 
change if a seperate mechanism is available to sta- 
bilize a particular linear combination of the dilaton 
and the radion. 



IV. GRACEFUL EXIT AND REHEATING 

Branes in string theory can also be interpreted as 
solitonic solutions in the corresponding low energy 
supergravity theory. One subclass of such branes 
are the unstable branes of string theory (e.g. even- 
dimensional branes in Type IIB string theory). 
Provided that the tachyon which describes the de- 
cay of these branes interacts with fields which are 
in thermal equilibrium in the early universe, these 
branes could be stabilized at early times - like 
the embedded Z-string in the standard electroweak 
theory [11] - and thus trigger inflation as described 
above. The phase of inflation would last until the 
fields which mediate the interaction, e.g. the pho- 
ton in the case of the standard model Z-string, fall 
out of equilibrium. At that time, the tachyonic in- 
stability could set in. The energy density stored 
in the unstable branes would lead to reheating. In 
the example below, the role of the bulk modes is 
played by the Kaluza-Klein modes. 

To be specific, we consider a subclass of brane- 
like solutions of the supergravity equations known 



as black branes [31] which appear to us (i.e. in the 
effective four dimensional world) as black holes. 
Stability of such black branes (both charged and 
uncharged) has been discussed in detail in [32] , and 
in particular it was realized that when the Kaluza- 
Klein modes of the gravitational supcrmultiplct are 
lighter than the tension of the branes, these modes 
become unstable (Gregory-Laflammc instability) 
[32] [35] . Since in our model the volume of the inter- 
nal manifold slowly grows, the Gregory-Laflammc 
instability thus provides us with a natural mecha- 
nism to end inflation. Assume that the mass scale 
associated with the tension of the branes is given 

by 



T = lQ- B M n 



(58) 



The mass of the Kaluza-Klein modes are, on the 
other hand, given by 



M K = e" w M p with C = 



D +2 

O 

2D 



(59) 



The branes become unstable when Mk ~ T. In 
terms of the rotated basis this happens when 



^qB _ e C(i/>' cos 0-0' sinS) 



(60) 

C(n cos 9—p sin 9) 



= eCWo cos 9-<f>'„ sinS) ( J_ 

(\ Q{n cos 9— p sin 9)/ m 
i) 

- jy^gA^C( n cos e— psin e)/m 

where Af is the number of c-foldings. In the spirit 
of string gas cosmology [1] we assume that, ini- 
tially, the internal volume is of Planck size, i.e. 
ip w 0. This implies No ~ 0(1)- One can then 
estimate the number Af of e-foldings as 



N - 



2.35m 



C(ncos# — psmO) 



(61) 



For a range of the relevant parameters one can in- 
deed obtain a sufficient number of efoldings. For 
example, for a ten-dimensional model, substituting 

o 

D= 6 and 9 = 7r/3 one finds 



Af - 



2.35m 



0.41n- 0.71p 



(62) 
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For the exponent calculated for a gas of six branes 
(53) with a dilatonic potential (36,44), 5 within the 
range (55), one finds that for a moderate hierarchy, 
B <~ 5 — 7 we get around 50-60 efoldings which is 
neccessary to solve the flatness and horizon prob- 
lems. 

After the black-branes have decayed, the field 
starts rolling along the exponential potential of the 
dilaton and the radion. At late times, there are 
two possible scenarios. If the potential is indeed 
a pure exponential as we considered in our model, 
then the fields would continue to roll tracking first 
the radiation and later on the matter energy den- 
sity (since \J a 2 + (3 2 > I). One can try to con- 
nect this model to a late time coupled quintessence 
regime as discussed in [13]. However, the phe- 
nomcnological viability of this scenario requires a 
mechanism which ensures that the standard model 
particles are only very weakly coupled to radion 
and the dilaton - otherwise one has conflicts with 
fifth force experiments. Indeed, in [25] such a least 
coupling principle was proposed for the coupling 
of the dilaton to standard model particles. We 
here do not further speculate on the details of such 
mechanisms. The other possibility could be if the 
radion-dilaton potential has a minimum where the 
fields could be stabilized after the end of inflation. 
This possibility might be realized if, for example, 
the potential is really a sum of exponentials. This 
occurs quite commonly in supcrgravity reductions 
[14, 27]. In this case, of course, the moduli are sta- 
bilized and one does not need to worry about the 
fifth force constraints (as long as the potential is 
sufficiently curved at the minimum). 

V. DISCUSSION AND CONCLUSIONS 

We have presented a mechanism for obtaining in- 
flation in the context of string gas cosmology. We 
start with the conventional scenario of string gas 
cosmology: the universe starts out hot and small 
(string scale), with all spatial dimensions of com- 
parable scale. As discussed in [1, 4, 5], the fun- 
damental string winding modes can disappear in 
at most three spatial dimensions, thus leading to 
an explanation of why the spatial dimensions pre- 
dicted by string theory but not seen experimentally 
are confined. Radion stabilization is a natural re- 
sult of the string winding and momentum modes 



about the extra spatial dimensions [8]. 

At the later times studied in this paper, we have 
focused on the effective four-dimensional field the- 
ory coming from dimcnsionally reducing the La- 
grangian of string gas cosmology. Assuming the 
existence of an exponential potential for the dila- 
ton and the radion at these later times, we have 
shown that the coupling of branes winding the 
extra dimensions couple to the radion and dila- 
ton and can lead to a period of power-law infla- 
tion. This inflationary period is generated by the 
combined radion-dilaton system tracking its time- 
dependent potential minimum position. The time- 
dependence of the effective potential is induced by 
the coupling of the brane gas to the two fields. A 
graceful exit from inflation is obtained by making 
use of a gas of unstable branes, branes which are 
stabilized at early times via their interactions with 
the Kaluza-Klein modes of the fields of the bulk 
gravitational supermultiplet. The decay of these 
branes then leads to reheating after inflation. 

For the specific branes we considered we ob- 
tained a power law exponent m which is too small 
to be consistent with the observational limits on 
the tilt in the power spectrum of density fluctua- 
tions. In addition, a hierarchy between the Planck 
scale and the tension of the branes is required in 
order to obtain a sufficient number of e-foldings of 
inflation. Both of these problems can be solved 
provided the brane coupling exponents are larger 
than what we obtained for 6-branes in the context 
of 10 dimensional supergravity/string theory. This 
can happen in several ways. As noted in [23], quan- 
tum stingy loop corrections can change several co- 
efficients in the effective dilatonic action which in 
turn will change the exponents (For example, if 
the coefficient in front of the kinetic term for the 
dilaton changes, one has to rescale the dilaton field 
which in turn changes its coupling exponent to the 
brane.). 

One could also consider various types of branes 
with different dimensionalities, perhaps in the con- 
text of lower dimensional supergravity models. 
The various exponents again are expected to be 
different, as is evident from the general analysis 
we performed. Finally, it is not neccessary to re- 
strict oneself only to radion-dilaton systems. For 
example, one could consider squashed configura- 
tions where the branes couple to the volume as well 
as the shape moduli (the dilaton would be stabi- 
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lized by some other mechanism) . As shown in [27] , 
for such configurations it is possible to consistently 
turn on other lower form fluxes (not just the 6-form 
as considered here) which may come with the right 
exponents to realize an accelerated regime in con- 
junction with the branes. We leave an exploration 
of all these possibilities for the future. 



VI. APPENDIX: TWO FIELD SOLUTION 

We want to solve cosmological evolution equa- 
tions of the form (13-14): 

4> + 3H^ = 2 / 3Vbe" 2(m/ ' +/30) (63) 
i> + 3Hi}j = 2aV e- 2ia ^ + ^ - 2ppe 2 ^ (64) 

H 2 = I (f + £ + Va e- 2 ^+W + pe 2 ^) .(65) 
We choose the ansatz as in (23) 



3a + 6/i — 8/3 n 



" = "'to 



■ e ^ = e^ I - 



to 



(66) 

In order that all the terms in (64,65) have the same 
t dependence, U 2 , to be specific, we get by looking 
at the exponents 

3m 

an + [3p = 1 = — pn (67) 

Further, one can substitute the potentials associ- 
ated with Vo and po from (64) in terms of the field 
derivatives in (65) to obtain 



2/3 



(l + a/n)(<f> + 3H4>) 



(68) 



Substituting the ansatz (66) in the above equation 
one finds another relation between the power law 
exponents 



m - = f ^(n 2 +p 2 ) + (3m - 1)(£ (1 + 2) _ n.) 

(69) 

One can thus solve (69) and (67) to obtain m,n 
and p in terms of the exponents a, (3 and u: 



m 



; 3pa + a 2 + /3 2 + 2u 2 
'6ua + 3a 2 + 3f3 2 + 8u 2 f3 2 



(70) 



6/ia + 3a 2 + 3/3 2 + 8/i 2 /3 2 



P = 



/3(8/x 2 + 3 + 8/ia) 
Qua + 3a 2 + 3/3 2 + 8/x 2 /3 2 



(71) 



(72) 



Although the t dependence now cancels in all the 
evolution equations by virtue of (70-72), we are 
still left with matching the coefficients in the two 
equations (63) and (64). These equations essen- 
tially determine the other unknown parameters 4>o 
and ?/>o in terms of Vb and p or vice-versa. In 
fact to have a consistent solution one should check 
whether these equations can be satisfied for posi- 
tive values of Vq and po as those are the physical 
scenarios we are interested in. After some algebra 
one finds 



Vo 



-2(aVo+/30o) P( 3m ~ jj 
2/3 



(73) 



and 



Po 



(3m- 1) 



3m — 1 



p — n 



2p J V/3 
4(a 2 + /3 2 ) -3 + 4pa 
6/za + 3a 2 + 3/3 2 + 8/i 2 /? 2 



74) 



From (72) it is clear that the ratio p//3 is positive. 
Also, for the solutions we are looking at, m > 1 > 
1/3, and thus the right hand side of (73) is positive 
implying Vb > 0. Next let us look at the right hand 
side of (74). 

In order for the potential to track radiation after 
inflation we demanded a 2 + 1 > 1 and thus it 
is clear that p is positive too. We indeed have 
consistent attractor solutions. 
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